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O '• We demonstrate that the transition photon radiation and pair creation can be interpreted 

o 



as a diffractive phenomenon in terms of the hght-cone wave functions in a way similar to 
the Good- Walker approach [6] to the diffraction dissociation. Our formulas for spectra 
p ■ agree with those obtained by Baier and Katkov [5] within the quasiclassical operator 
^ . method. However, there is some disagreement with earlier results by Garibyan [4]. 
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^ ! 1. The transition radiation [1] is usually discussed within the classical electrodynamics 

I (for reviews, see [2, 3]). For relativistic particles the classical approach applies when the 

momentum of the radiated photon is small as compared to the momentum of the charged 
particle. The emission of hard photons with momentum comparable to the charged parti- 
cle momentum requires a quantum treatment. The transition radiation in quantum regime 
and transition pair creation was addressed many years ago by Garibyan [4]. Recently the 
problem was analyzed by Baier and Katkov [5] within the quasiclassical operator method. 
The results of Ref. [5] are in some disagreement with those of [4]. The major purpose 
of the present note is to demonstrate that the transition radiation (and pair creation) 
in quantum regime can be interpreted as a diffractive effect in terms of the light-cone 
wave functions in the spirit of the Good- Walker approach to the diffraction dissociation 
[6]. The analysis is quite simple, nevertheless, to the best of our knowledge this physi- 
cal interpretation of the transition radiation has never been discussed in the literature. 
Also, our calculations clarify the situation with disagreement between the results of Refs. 
[5] and [4]. Our results confirm the results of Baier and Katkov [5] and disagree with 
Garibyan's formulas for the case of the transition radiation. 



2. Let us consider for definiteness the photon emission from a relativistic electron with 
energy Eg. ^ m,. (wc use the units h = c = 1) which moves normally to the boundary 
from medium 1 to medium 2. We choose the z axis along the electron momentum and 
assume that the boundary is located at z = 0. We assume that the photon momentum is 
sufficiently large and the medium effect on the photon quantum field may be treated in the 
plasma approximation [7, 3]. In this approximation the in- medium plioton is described 

as a quasiparticle with nonzero mass rrij — cUp, where ujp — ^47TOe^/me is the plasma 
frequency [7]. The wave functions (to leading order in the coupling constant) of the 
physical electron with energy in the media 1 and 2 can be symbolically written as 
the Fock state superposition of the bare electron |e) and electron-photon state \e'j) (we 
assume that in the electron-photon state E^ » rrij and E^.' » me) 



\ef) 



|e)+^*,(a;,k)|e'7), (1) 

a;,k 



where x — P'y,z/Pe,z is the photon fractional longitudinal momentum, k is the transverse 
momentum of the photon, ^i(a;, k) is the wave function of the electron-photon Fock state 
in terms of the variables x and k. The \E'j(a;, k) is usually called the light-cone (or infinite- 
momentum frame) wave function [8, 9] (for a review of the light-cone formalism, see [10]). 
It is important that at high energies the electron-photon Fock state can be localized 
in a small region (with a size of the order of several units of 1/ mm(Ej, Ee>)) which is 
much smaller than the formation time for the le'7) state (see below). For this reason the 
dynamics of the le'7) state in the media 1 and 2 turns out to be completely independent 
of the boundary, and one may evaluate "^{x, k) for infinite media neglecting the boundary 
effects. 

The light-cone wave function can easily be obtained using the ordinary per- 
turbation formula for the first order correction to the wave function: \Si/jn) = 
\4^m) {4^rn\Hint\'ipn) / {En — Era) ■ Usiug the QED interaction Hamiltonian Hint = e/ dripAip, 
and writing the particle energies as E ^ \pz\ + {m? + ^\)/2\pz\ one obtains 



where = mgX^H-m^ ^(1— x), Ug, Me' are the electron spinors, is the photon polarization 
vector (we use the normalization of the light-cone wave function corresponding to prob- 
ability of the electron-photon Fock component given by ^2:^ / d\s. Jq dx\'^{x, k)p). Note 
that (2) is valid when the photon and electron longitudinal momenta are positive. Due 
to large energy denominator in the perturbative formula, the configurations with photon 
(or electron) moving backward are suppressed by a factor of the order of n\^2/ E\e'-i ^^'^ 
can be neglected at high energies. 

The discontinuity of the m-y on the boundary between two media leads to a jump in 
the Fock states decomposition of the physical electron. Evidently, the Fock component 
le'7) after passing through the boundary from medium 1 to medium 2 has the same wave 
function as in medium 1, i.e. ^i(,T,k), which, however, docs not match with the wave 
function of the le'7) state in medium 2. Thus, in terms of the physical states the projectile 
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state after passing through the boundary, |ei), can be written as 



(3) 



Evidently, the second term on the right-hand side of (3) describes the photon emission. 
The corresponding spectrum reads 



dN 



dxdk {2ny 



|^i(a;,k) - ^2(a;,k) 



(4) 



The above analysis of the transition radiation is very similar to the Good- Walker 
treatment of the diffraction dissociation [6]. In that case the projectile wave function 
after the target has the form |^/) = 5*1 where S is the S-matrix, and is the 

wave function of the incident particle. In the diffraction dissociation the jump in the Fock 
state decomposition of the projectile stems from the different scattering amplitudes for 
different Fock components. In the case of the transition radiation there is no scattering 
at all. Nonetheless, similarly to the diffraction dissociation there is a jump in the Fock 
state decomposition of the projectile state, which also leads to the inelastic process. Our 
treatment of the transition radiation in terms of the light-cone wave functions technically 
is also analogues to the Bjorken-Kogut-Soper method [8] for bremsstrahlung and pair 
production off an external field in the high-energy limit based on the formulation of QED 
in the infinite-momentum frame [11]. 

From (2) one obtains for the no electron spin flip transition 



k) = ^J^[X,{2 -x)+ 2X^x] . \ f f ^ 



(5) 



where a — 1/137, A denotes particle helicity (it is convenient to use the light-cone helicity 
basis [8, 9]). For the electron spin flip transition the only nonzero component is that with 



A.y — 2Ae 



k) = \/2ax^ ■ 2 



k1 



Using (5), (6) one obtains from (4) 



dN 
dxdk 
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k ~\~ K>i k ~\~ K>2 



(6) 
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From (7) after integration over the transverse momentum one gets for the x-spectrum 



dN a fr a;^, 

-d^ = ^V'-' + Y^ 



ln^-2 
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The formulas (7), (8) apply when x 3> m^^i/Ee and {1 — x) » rrie/Ef.. For x <S 1 our 
formulas agree with the classical results [3]. 

Our analysis neglects the backward photon emission, and in general bremsstrahlung 
with large angle between the photon and electron momenta 9^e ^ 1- This region cannot 
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be discussed in the light-cone wave function language. However, the forward emission 

is dominated by the small angle region O^^. <max(me/Ee,m^/Ey), and the contribution 
from ~ 1 can be neglected. In the classical approach the backward emission is much 
smaller than the forward one for ultrarelativistic energies [3]. In our treatment this is 
a consequence of the above mentioned suppression of the Fock le'7) component in the 
physical electron with negative photon longitudinal momentum. 

In the above we have discussed the situation when the electron moves normally to 
the boundary. The treatment of the transition radiation in terms of the light-cone wave 
functions allows one to understand easily the applicability limits of the approach for non- 
orthogonal movement of the initial electron. Prom the uncertainty relation AEAt ^ 1 
one can obtain for the typical life-time of the virtual electron-photon states in media 1 
and 2 ~ 2Eex{l — x)/ k^. If ki ~ K2 the quantity i ~ (ii -|- t2)/2 can be viewed as a 
formation length, Lj, associated with the photon emission. In this case the dominating 
region of the photon transverse momentum is given by /c ~ k ~ {ni + H2)/'^- It corresponds 
to the typical transverse separation between photon and electron in the photon-electron 
state p-ye' ~ Using the above estimate one can easily obtain the following condition 
for applicability of the formulas obtained for normal incidence of the electron: tan ^0 <^ 
Lf/p-ye' ~ '2E^{1 — E^/Es)/k,, where ip is the angle between the initial electron momentum 
and normal to the boundary. If Ki and K2 differ strongly one should replace in the 
above inequality R by min(fi;i, fi;2)- The above analysis shows that in the region under 
consideration E^ ^ Up the formulas obtained for normal incidence are valid in a broad 
range of the incidence angles. 

In a similar way one can obtain for the cross-channel process 7 — > e'^e~ 

(9) 
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dxdk 27r^ 



{k^[x^ + {l-xf]+ml}- 
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, (10) 



where now 



x{l 



x), and X = Pe,z/P'y,z- The applicability domain of (9) 
and (10) is X ^ nie/E^, (1 — x) ^ me/ E^. 

Our formulas for the photon emission (7), (8) and pair production (9), (10) agree with 
those of Ref. [5]. However, the formulas (7), (8) disagree with equations (13) and (14) 
of Ref. [4] (if one rewrites them in terms of the variables x and k). In the case of pair 
production (9) agrees with equation (18) of Ref. [4]. The limit a; — >■ of our x-spectrum 
(10) agrees with formula (19) of Ref. [4] obtained for E^ ^ E^. 

3. It is instructive to see how the light-cone wave functions appear in the derivation of 
the transition radiation from the ordinary perturbative formula for the amplitude of the 
e — > e'7 transition 



T = -2T:5{Ee> + E^-Ee)ej drij^e'irh^^A^ir)^^) , 



(11) 



where ipe, "^e' are the the electron wave functions, is the photon wave function. Note 
that Eq. (11) was the starting point of the analysis [4]. 



The electron wave functions (for Ei ^ nie) can be written in the form 



2E.. 



:exp{iEjz)(j)j{z,p) , 



where r = (p, z), and the (f)j satisfies the Schrodinger equation 



(12) 



dz 



d 



2Ej \dp 



+ 



2E, 



(f)j{z,p) 



(13) 



Evidently, one can take for the transverse electron wave functions (pj 



{z, p) = exp a 



PiP - z- 



P 



2Ej 



(14) 



where are the transverse momenta. The photon wave function can be written in a form 
similar to (12) (up to an obvious change of the spin factor). Note that neglecting the 
terms suppressed by factors m^.^/E^ one can neglect the photon wave which propagates 
backward [4]. Also, in this approximation one can use the same photon polarization vector 
for 2; < and z > 0. The photon transverse wave function, which satisfies an equation 
similar to (13) (but with 2;-dependent mass), can be taken in the form 



07 P) = exp <^ i 



2E^ 



(15) 



where is the photon transverse momentum, for a sharp boundary m-y(^ < 0) = "rn^,!, 
m^(^ > 0) = m^^2- 

In terms of the transverse wave functions 4>j the transition amplitude (11) reads 



T = -27r6{E,, + E,- E^^^^g2^^ . f dzdp(t>*Az, p)(l>;{z, p)M^, p) 



t!^x(l — x) 

After integrating over p in (16) one obtains 



T = -{27Tf5{E,, + E^- E,)S{p,, + p - pjM , 



^J^Elx{l - x) I [ Jo 2E, 



eX(l - X) 



(16) 

(17) 

(18) 



where k = p^(l — x) — p^'X, and « (0 — +"^7(0(1 ~ The ^-integration in (18) 
(for a sharp boundary between the two media) gives 



'x(l — x) 



2E, 



(19) 



The two terms in the large brackets on the right-hand side of (19) stem from the integration 
regions in (18) 2; < and 2; > 0, respectively. 
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Prom the Fermi golden rule one can easily obtain the spectrum 



dxdk (27r)' 



(20) 



From (2), (3) and (19) one sees that (20) reproduces (4) obtained in the light-cone wave 
function approach. The spectrum for the cross-channel process 7 — > e+e~ can be obtained 
with the help of the replacement in |Mp: |kp — > kp/x^, x — > 1/x. It gives the spectrum 
which agrees with (9). Note that the difference of the two terms on the right-hand side of 
(19) precisely corresponds to the jump of the light-cone wave functions on the boundary 
between the media. However, now the nonzero amplitude M (19) emerges due to the 
jump in the quantity Ap^ = ^7,2 -|- Pe',z — Pe,z when the energy is conserved, while the 
nonzero difference of the light-cone wave functions in media 1 and 2 is due to a jump in 
AE — Ej + Ee' — Ee when the momentum is conserved (since we evaluated ^i{x, k) for 
infinite media). However, in the high-energy limit \AE\ = \Apz\, and the two approaches 
are equivalent. As was above noted Eq. (11) is the starting point of the analysis [4]. Thus, 
the above mentioned disagreement of our results for brcmsstrahlung (and the results of 
Ref. [5]) with those of Ref. [4] is probably due to some mistakes in evaluating the 
transition matrix element in [4]. 

The quantum effects in the transition photon emission become important when x is not 
small. However, the transition spectrum (8) falls rapidly (oc 1/x^) for x > m^/mg. For the 
ordinary materials m^/mg ~ 10^^ — 10^'^ For this reason the radiation intensity turns out 
to be small in the quantum domain x ^ 1. The quantum effects may be important for the 
transition radiation in the electrosphere [12, 13, 14] of the strange stars made of strange 
quark matter [15] (if they exist) where the ratio m^/me may be about unity (or even 
larger) [16, 13]. The quantum effects are also important in the non-Abelian analog of the 
transition radiation from fast quarks/gluons traversing the finite-size quark-gluon plasma 
produced in high-energy heavy-ion collisions [17]. However, in these cases, due to large 
densities, the induced radiation caused by multiple scattering [18] becomes important, 
and, strictly speaking, both these mechanisms should be treated on even footing. 
4. In summary, we have demonstrated that the transition photon radiation and pair 
creation may be interpreted as a diffractive phenomenon in terms of the light-cone wave 
functions in a way similar to the Good- Walker approach [6] to the diffraction dissociation. 
Our results agree with those obtained by Baier and Katkov [5] within the quasiclassical 
operator method. However, there is some disagreement with Garibyan's calculations [4]. 
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